TWISTED ALEXANDER POLYNOMIAL AND REIDEMEISTER TORSION
TERUAKI KITANO This paper will show that the twisted Alexander polynomial of a knot is the Reidemeister torsion of its knot exterior. As an application we obtain a proof that the twisted Alexander polynomial of a knot for an SO(n)-representation is symmetric.
Introduction.
In 1992, Wada [4] defined the twisted Alexander polynomial for finitely presentable groups. Let Γ be a finitely presentable group. We suppose that the abelianization Γ/[Γ, Γ] is a free abelian group T r -(t l5 ..., t r \t t tj = tjti) of rank r. Then we will assign a Laurent polynomial Δr )P (ti,..., t r ) with a unique factorization domain i?-coefficients to each linear representation p : Γ -> GL(n\ R). We call it the twisted Alexander polynomial of Γ associated to p. For simplicity, we suppose that R is the real number field R and the image of p is included in SL(n] R).
Because we are mainly interested in the case of the group of a knot, hereafter we suppose that Γ is a knot group. Let K C S 3 be a knot and E its exterior of K. We denote the canonical abelianization of Γ by a : Γ -> T = (t) and the twisted Alexander polynomial Δr, p (<) for Γ = π x E by A κ , p (t). It is a generalization of the Alexander polynomial Aχ(t) of K in the following sense. The Alexander polynomial A κ (t) of K is written as where 1 : Γ -» R -{0} is the 1-dimensional trivial representation of Γ.
On the other hand, Milnor [2] proved the following theorem about the connection between the Alexander polynomial and the Reidemeister torsion in 1962. We consider the abelianization as a representation of Γ over R(£) where R(ί) is the rational function field over R. Then Milnor's theorem is the following.
Theorem (Milnor) . The Alexander polynomial Aχ(t) of K is the Reidemeister torsion τ a (E) of E for a; that is,
The Reidemeister torsion is a classical invariant for finite cell complexes using a representation of the fundamental group. In this paper we consider the following problem.
Problem. Can we consider the twisted Alexander polynomial of K as a Reidemeister torsion of its exterior E of K.
To state the main theorem, we define the tensor representation Now we describe the contents of this paper briefly. In Section 1 we review the theory of the twisted Alexander polynomial. We restrict the definition to the case of the group of a knot. In Section 2 we recall the necessary definition and results on the Reidemeister torsion for unimodular-representations. In Section 3 we give a proof of Theorem A. In Section 4 as an application of Theorem A, we proof the symmetry of the twisted Alexander polynomial in our context.
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Twisted Alexander polynomial.
Let us describe the definition of the twisted Alexander polynomial of a knot. See Wada [4] for details.
Let K C S 3 be a knot and Γ the knot group Έ\E. Let F k = (x 1? ..., x k ) denote a free group of rank k and T = (t) an infinite cyclic group. The group ring of T over Z (resp. R) is the Laurent polynomial ring Z^1] (resp. Rf^1]). We choose and fix a Wirtinger presentation
of Γ and Φ : F k -* Γ the associated surjective homomorphism of the free group F k to the knot group Γ. This φ induces a ring homomorphism
The canonical abelianization is given by
Similarly a induces a ring homomorphism of the integral group ring
Let p : Γ -> SL(n; R) be a representation. The corresponding ring homomorphism of the integral ring Z[Γ] to the matrix algebra M n (R) is denoted by
The composition of the ring homomorphism φ and the tensor product homomorphism
will be used so often that we introduce a new symbol Proof. Since we fix a Wirtinger presentation P(Γ) as a presentation of Γ, we have a{ Xj ) =tφl
is the characteristic polynomial of p(xj) where / is the unit matrix. This completes the proof of Lemma 1.1.
Proof. We may assume that j ~ 1 and j' = 2 without the loss of generality. 
Reidemeister torsion.
Let us describe the definition of the Reidemeister torsion over a field F. See Johnson [1] and Milnor [2] , [3] , for details. The torsion of the chain complex (7* is given by the alternating product and we denote it by τ((7*).
Remark. The torsion τ(C f *) depends only on the bases c 0 ,..., c m .
Now we apply this torsion invariant of chain complexes to the following geometric situations. Let X be a finite cell complex and X a universal covering of X with the fundamental group π λ X acting on it from the right-side as deck transformations. Then the chain complex C*(X; Z) has a structure of a chain complex of right free Z[τriX]-modules. Let p: π x X -» SL(n F) be a representation. We may consider V as a πχX-module by using this representation p and denote it by V p . Define the chain complex C*{X\V P ) by C*(X; Z) ®z[πiX] V P and choose a preferred basis {σi ® ei,σi ®e 2 ,...,σi ®e n ,...,σ Λ ®ei,...,σ A ® e n } of C q (X] V p ) where {βi, e 2 ,..., e n } is a basis of V and σi,..., σ kq are g-cells giving the preferred basis of C q (X; Z). Now we consider the following situation. That is C*(X;V P ) is acyclic, namely all homology groups vanish : £Γ*(X; V p ) = 0. In this case we call p an acyclic representation.
Definition 2.2.
Let p : Έ\X ->> SX(n F) be an acyclic representation. Then the Reidemeister torsion of X with V^-coefficients is defined by the torsion of the chain complex C*{X\ V p ). We denote it by τ(X; V p ) or simply
Remark.
1. It is well known that the Reidemeister torsion is invariant under subdivision of the cell decomposition up to a factor e G {±1} Hence the Reidemeister torsion is a piecewise linear invariant. See Milnor [2] , [3] .
2. In general let p : Γ -> GL(n; F) be an acyclic representation. Then the Reidemeister torsion is well-defined up to a factor d E ίm(det op) c F-0.
Proof of Theorem A.
In this section, let F be the rational function field R(t) and V the ndimensional vector space over R(t). We recall a Wirtinger presentation .P(Γ) of the knot group Γ of K is given by as follows For the tensor representation p ® α, because p is an 50(n)-representation, the dual representation
is given by
for v x E Γ. Therefore the representation space V* (S>a is equivalent to V p(S) a Hence from the above observation, we have τ(E;V p0a )=τ (E,dE;V p^) .
Similarly it is easy to show that
The following lemma is also well-known to the experts. See Milnor [6] . Apply the above lemma to the short exact sequence :
Then we compute the Reidemeister torsion of dE first. Proof. Let sc,y be generators of π λ {dE) such that rz; = a;χ in Έ X E and y is the canonical longitude. We assume that a cell structure of dE are given by : Therefore we have
A κ>p (t) = A^it-1 ).
This completes the proof of Theorem B.
